We introduce a novel representation of two-dimensional shape that we call smoothed local symmetries (SLS). Smoothed local symmetries represent both the bounding contour of a shape fragment and the region that it occupies. In this paper we develop the main features of the SLS representation and describe an implemented algorithm that computes it. The performance of the algorithm is illustrated for a set of tools. We conclude by sketching a method for determining the articulation of a shape into subshapes.
Introduction
We introduce a novel representation of two-dimensional shape that we call smoothed local symmetries (SLSs). Smoothed local symmetries represent both the bounding contour of a shape fragment and the region that it subtends or encloses. In this paper we develop the main features of the SLS representation and describe an implemented algorithm that computes it. The performance of the algorithm is illustrated for a set of tools. One step in the algorithm is the construction of a representation of the significant changes in curvature along the contour of the shape. We call that representation the curvature primal sketch , since it is analogous to the primal-sketch representation of intensity changes advocated by Marr (1976) . We conclude by sketching a method for determining the articulation of a shape into subshapes. A preliminary version of this paper has appeared elsewhere .
The representation of shape is a fundamental problem in computer vision that has been surprisingly neglected. It is becoming increasingly important in robot vision as the inadequacies of currently available systems manifest themselves. So long as the position and orientation of objects is tightly constrained, so long as contrast is sufficient to allow trivial segmentation into figure and ground, and so long as objects do not overlap, simple vision systems suffice. Increasing uncertainty in any of these variables requires a substantial increase in system sophistication.
Fortunately, there has been considerable advancement in our understanding of computer vision over the past decade (see Ballard and Brown 1982; Brady I982a; and Marr 1982 (Brady, in press ). Previous papers (Brady 1982b; 1982c; (Perkins 1978; Hol- (Pavlidis 1977) . Asada and Brady (1984) have developed a representation that makes explicit the significant curvature changes along a contour. Attneave (1954) showed that such changes, essentially the curvature analogue of the primal sketch , carry a great deal of information for the human visual system. Certainly, the human visual system is remarkably sensitive to curvature changes (Watt and Andrews 1982) . It is difficult, however, to compute or determine important regional properties, such as symmetry, or such descriptions as &dquo;elongated and curved,&dquo; in a purely contour-based representation of shape. Hollerbach (1975) . A fuller account of parametric descriptions is described by Heide (in preparation) .
Smoothed local symmetries are defined in two parts: Fig. 3 Canny ( 983) . This extremizes the product of the signal-to-noise response at a step edge and a measure of the localization of the edge, while producing a single response to a single step. Earlier work used a nondirectional operator based on a difference-of Gaussians filter, proposed by Marr and Hildreth ( 1980) Figure 3A shows the axis for a portion of a contour that contains a corner. Each axis is an alternative, locally plausible Fig. 4 Figure  3B shows the axes for a rectangle. The short, diagonal axes are subsumed by the horizontal and vertical axes, which are the global symmetries. If the rectangle were a square, the diagonal axes would not be subsumed (Fig. 3C) . Figure 4 shows some examples of SLSs that are indicated by their axes. It should be remembered that such axes are merely graphic illustrations, since they do not show the set of parameters and symbolic description that are associated with the SLS (see Fig. 1 and Section 2.3).
Originally, Brady (1983, p. Figure 5B shows an occluded instance of a corner. The actual curvature discontinuity is not present, but it is implied by the monotonically decreasing width of the region and its small absolute value.
Smoothed local symmetries were developed from the ideas underlying the SAT and generalized cylinders. Brady (1983, p. 53-56) discussed the need to make axis smoothness explicit and to refine the definition of local symmetry implicit in the SAT. Most important, all of the local symmetry axes are made explicit for SLSs.
The SAT is defined semiconstructively and topologically as the union of the centers of maximal disks that touch at least two points on the bounding contour of a shape. Figure 6 defines normal, branch, and end points of the SAT. The SAT is a piecewise-smooth, single, forked spine. It is not obvious a priori that the SAT is piecewise smooth; but that has been shown by Bookstein (1979) . Branch points, where the maximal circle touches the contour in more than two points, are a major cause of the problems of the SAT, giving particularly poor responses when there is a discontinuity on the bounding contour of a shape. Figure 7 shows the SAT of a rectangle. Note that, unlike the SLS representation ( Fig. 3B) , neither of the global symmetry axes are found. Blum and Nagel (1978, p. 169) note that &dquo;the SAT is not the simplest description for rectilinear figures.&dquo; Branch points were originally introduced into the definition of the SAT as a discriminant for isolating subshapes (the name comes from finding branches off the trunk of a tree). They do not perform that task reliably, either. Some other differences between the SAT and SLSs are presented elsewhere (Brady 1983) . Figure 8 compares SLSs with the SAT. Figure 8A  shows (cf. Hollerbach 1975) .
As a second special case, consider a worm (Blum and Nagel 1978) , for which h is constant (Fig. 11) Blum and Nagel (1978) . Figure 12 assigns symbolic descriptors to primitive shapes, defined by the signs of the flanking curvatures. The beak primitive occurred in Fig. 1 . Brady (1983, p. Figure 17A shows the axes of the three SLSs found by the program; Fig. 17B shows the cover of the blade, and Fig. 17C Figure 18 shows some SLSs found using the algorithm. The knot points should not be chosen completely at random. Consider, for example, a corner (Fig. 19) . [Marr 1976] ). In the next section we sketch a method for computing such a representation of curvature changes. Asada and Brady (1984) give more details.
Once we have a set of knot points, we can compute a piecewise-smooth approximation to the contour. Asada and Brady ( 1984) where x is the average of the xi, and y the average z .
The circular approximation can become poorly conditioned when the radius of the circle is large (equivalently, the curvature is small), in which case the contour is better approximated by a straight line. Denote the matrix of coefficients of xo,yo by A:
The condition number of the matrix A = (aij) is defined (e.g., by Strang [ 1984, p. Figure 22A shows the geometry for computing the analytic form of the SLS of two circular arcs. There are various cases to consider, depending on the signs of the curvature of the circular arcs. In region I (Fig. 22A) , we can show that the locus of the intersection of the normals at local symmetries is an ellipse. In region II, the locus is a hyperbola. Figure 22B shows the SLSs of the pliers (Fig.  21 ) computed by comparing arcs directly. Fig. 22 .
Our approach follows that of Marr (1974) . We take Fig. 23 Fig. 23 is analogous to a step change in intensity, while the crank shown in Fig. 24 is analogous to a thin bar.
Consider the corner fragment, defined (Fig. 23B) Fig. 23C shows, this function has a zero-crossing near the corner separating two peaks of opposite sign. The distance along the s axis between the zero-crossings is
The formula for the height of the side lobes is complex.
In the special case xl = K2, it reduces to Figure 26 shows some typical variations of the corner model.
As a second example, consider the crank model, whose analytic form (see Fig. 24B ) is
The crank is analogous to a &dquo;thin bar&dquo; intensity change in the intensity primal sketch. It is even more tedious to show that Figure 27 shows typical variation when ~=~=~3=0-When the ratio Q/a is less than 1/2, the crank is essentially signaled by two independent corner responses. However, when Q/a is greater than one, it produces a strong central peak with two side peaks of opposite sign that are at most half the height of the central peak. Fig. 23 is zero, and that the 4>j = n/2. The responses are for u/a = 0.5, 0. 5, 1.0, 1.25.
We have similar analyses for the three models shown in Fig. 25 . A smooth join generates a peak of height (K2 -KI )/(a12n). Only when the curvatures flanking the smooth join are very different can this be reliably found. This is consistent with human perception of such smooth joins. Figure 28 shows the second differential of a Gaussian convolved with an end whose edges are straight. As in Fig. 27 , the response varies with ula. Finally, Fig. 29 shows the response to a bump. If the bump is long enough, the response is equivalent to two separate edges of opposite sign. Figure 30A shows the second derivative of the smoothed orientation at a variety of scales Q along the contour of a hammer. The model instances described above are marked on the graphs shown in Fig. 30B . In Fig. 30C we show the knot points that mark the significant curvature changes along the contour of the hammer at the different scales. Finally, in Fig. 30D we show the SLSs resulting from applying the approximation algorithm described in the previous section (given the knot points shown in Fig. 30C ).
Examples
In this section we show some examples of the SLSs computed for a set of hand tools. Figure 31 shows a screwdriver. The global axis of symmetry is found by the algorithm. Note that at the coarsest scale, the two corners forming the end of the handle, and the (primitive) end of the blade, are discovered, as are the two cranks defining the join of the handle and blade. Figure 32 shows a tack hammer. The head of the hammer, consisting of the two striking surfaces, is easily found. So is the handle. The join of the handle and the head is a side-end join, and can be found using the method sketched in the next section. Figure 33 shows a carving knife (cf. Fig. 17 ) and a cheese knife.
Finding Subshapes
The shapes that populate our world have identifiable subshapes. A hammer, for example, has a head and a handle. The head consists of a striking part, which has a flat surface, and a counterweight part, whose shape varies considerably among types of hammers. Our current work aims to make subshapes explicit. In this section, we report our progress. Figures 34 -36 show the representation that we are aiming at. In Fig. 34 , we show how subshape information at a single scale, indicated by the part-of links, is integrated with the SLS representation discussed in the previous sections. Figure 35 shows how a shape can be represented at several scales. Fig. 33 (Brady 1983) . Second, we represent a shape at multiple scales, for the reasons discussed in Section 5 and in another paper (Fig. 34) . As we discuss more fully below, subshapes can be joined together in a variety of ways, in particular in ways we call side-end and end-end (Marr 1977 Marr (1977) proposed that object joins may be classified as side-end or end-end, though the notions of side and end were never formally defined. Assuming that the objects to be joined were generalized cones with straight axes, he developed a geometric analysis of a side-end join (Marr 1977, Theorem 6 and Fig. 23 (Fig. 38A) and how to determine which is the subshape and which the main shape (Fig.  38B) . Figure 39 shows There is an analogous rule for matched convexities, asserting the existence of a negative subpart, such as an inlet (see Fig. 42B ). For example, the axes A and v in Fig. 42A Figure 43 shows examples.
Rule 1 is sufficient but not necessary for asserting the existence of subparts. Figure 44 shows three example shapes in each of which there is only one concavity. Figures 44A and 44B are end-end joins, but Fig.  44C is the side-end join shown in Fig. 37 . Figure 45 shows once more the crucial role that elongation plays in asserting the existence of a subpart. The fragment shown in Fig. 45A is perceived as a join in Fig. 45B but not in Fig. 45C . Marr and Nishihara ( 1978) .
Consider, for example, Fig. 46 . It shows the notched rectangle, discussed by many authors in connection with the symmetric axis transform. Figure 46B shows Fig. 45. A. ,Shape fragment 
Conclusion
We have introduced the SLS as a representation of two-dimensional shape that is both contour and region based and that has local support. We described two implementations, one of which efficiently computes an approximation to the SLS representation and relies upon computing the curvature-primal-sketch representation of the significant curvature changes along a contour. The previous section reported some initial findings on the isolation of subobjects.
Currently we are developing a database of parametric models of objects that enable them to be recognized even when they are occluded. We are investigating the relationship between function and form to support reasoning about objects.
